The electric and optical properties within 90
Introduction
Barium titanate (BaTiO 3 ) is one of the best known ferroelectric materials. After the discovery of its ferroelectric properties it was intensively studied as a representative of compounds having a first order ferroelectric phase transition [1] and field reversible spontaneous polarization below the Curie point. BaTiO 3 and comparable materials exhibit a sequence of ferroelectric phase transitions: at high temperature, BaTiO 3 single crystals are paraelectric, having a cubic structure. On cooling, they undergo successive structural phase transitions [1] , all of them being strictly of first order, showing a large thermal hysteresis [2, 3] , a remarkable optical anisotropy [4] , and a large spontaneous polarization [1, 4] , as well as electro-optic [5, 6] and photorefractive activity [7] .
In recent years, a number of experimental investigations have been reported which have focused on characterizing the ferroelectric domains and domain walls in BaTiO 3 [8] [9] [10] [11] [12] [13] [14] [15] [16] as well as in other ferroelectric materials [17] [18] [19] [20] [21] [22] . Transmission electron microscopy and x-ray spectroscopy as well as scanning force microcopy have been applied though with limited success: in fact, not one of these inspections has yet been able to deliver any experimental data on the physical properties within the 90
• and 180
• domain walls of BaTiO 3 . To our knowledge the few data available on the domain wall properties have been deduced from theoretical calculations mainly focusing on the domain wall thickness, the (elastic) domain wall energy [23] , or the domain wall structure and character [24] . More recent theoretical work in this respect reports on first principles calculations in order to compute the energy and thickness of ferroelectric domain walls [25] . By using electron holography, Zhang et al [26] found that the width of the 90
• domain wall in tetragonal BaTiO 3 ranges between 15 and 25 Å. Most probably it is this very small thickness which so far has been the main reason for the difficulty in obtaining experimental data on the physical properties within the domain wall.
Here we present a somewhat different theoretical approach for studying the spontaneous polarization and refractive indices within the 90
• domain wall of tetragonal 4 mm BaTiO 3 single crystals at room temperature. The microscopic model takes into account the anisotropy in the electronic polarizability of all ions within the domain wall and their ionic shifts as well as the crystalline deformations. In fact, the model was initiated for BaTiO 3 by Slater in an earlier work [27] in which he computed the Lorentz correction, finding that the large dipole coupling between Ti and O z ions along the polar axis is the origin of ferroelectricity in this material. The model has considerably been improved since, as needed to explain different physical properties in BaTiO 3 .
However, the calculation of optical properties has seemed to be under debate so far. Kinase et al [28] tried to explain the high optical anisotropy in BaTiO 3 by using the same model which failed, leaving a large disagreement both in value and sign between the calculated (0.0191) and the experimental birefringence (−0.06) [29] . Lawless later showed [30] that the reason for failure was due to the electronic polarizability which was assumed to be isotropic. He then proposed to use the experimentally measured values of refractive indices in order to compute this electronic polarizability anisotropy, which was attributed to the oxygen O z ions only. Nevertheless, Lawless did not explain the origin of the electronic polarizability anisotropy.
Kinase et al [31] then added an important improvement to the model by introducing a microscopic view in form of the quantum mechanical orbital approximation. He showed that the local field acting on the constituent ions through the Kerr effect is the origin for the change in the electronic polarizabilities, and that this change contributes to the optical birefringence; the same analysis was used later to discuss the electro-optic effect in BaTiO 3 [32] . In fact when expanding the theory, Kinase assumed the electronic polarizability to be isotropic, i.e. α = p/E. However, according to the above mentioned work of Lawless it is clear that the electronic polarizability has to be anisotropic: the correct definition thus reads as
Khatib et al [33] repeated the discussion of the electro-optic effect by using the definition which accounts for the anisotropy of the electronic polarizability (i.e. α kl = ∂ p k /∂ E l ). This expansion of the quantum orbital model calculation implicitly considers that x
(where x 2 k represents the average of the square of the k-component of the distance R from the core to any point of the wavefunction describing the shell of the ion) which is applicable only for spherical orbitals (i.e. s orbitals). Moreover, in the same work, Khatib et al used the value of the spontaneous local field calculated by using the isotropic electronic polarizabilities [34] , which makes the improvement incomplete at this stage. In general, the local field (or dipole interaction coefficient) is expanded as a function of longitudinal strains 1 , 2 , and 3 of the unit cell, which holds perfectly for small i -values (∼10 −3 ). However, the development leads to a bunch of lengthy equations specifically when shearing of the unit cell has to be considered (see for instance [35] ). This made it hard to apply the model to situations in which shearing effects are involved, or situations where the components in all directions of the local electric field should be considered simultaneously, as is the case when calculating electro-optic coefficients r i j (particularly the r 42 coefficient) where the induced shearing has to be considered.
In our actual version of the model, we account for all these points which may be summarized as follows:
• expanding the local electric field by considering its components in all directions at once;
• representing the local electric field in a tensorial equation which allows the description of all its components for all ions simultaneously; • developing the orbital approximation in such a way that we take into account the anisotropy in the electronic polarizability; and • considering the correlation between the electronic polarizability and the local electric field (since these two magnitudes are mutually dependent).
The model was previously tested in this version for the calculation of bulk properties of single-domain tetragonal BaTiO 3 like the ferroelectricity and optical anisotropy, as well as the linear electro-optical coefficients [36, 37] . Furthermore the same model was successfully applied for modelling electric and optical properties of LiNbO 3 single crystals [38] , and also within 180
• ferroelectric domain walls in BaTiO 3 [39] . Based on those experiences which agree excellently well with the corresponding experimental data, we initiate here the application of this model to the more complicated 90
• ferroelectric domain wall in BaTiO 3 at room temperature.
In fact the principal aim of this work is to study the refractive indices within the domain wall rather than the spontaneous polarization itself. The reason for this is recent near-field optical experiments elucidating the local optical properties within domain walls [8] . In order to reach our goal we start by calculating the spontaneous local electric field and electronic polarizabilities of all ions. Then the spontaneous polarization is easily deduced from the last two magnitudes as a side result.
To our knowledge the refractive indices of the domain wall have never been studied so far either theoretically or experimentally. Further motivation for such calculations stems from today's perspectives in applying optical measuring techniques using the optical near field [8] to directly investigate the local absorption properties [40] as well as the chemical nature of bonding within the domain wall via tip-enhanced Raman spectroscopy [41] .
The paper is structured as follows: section 2 discusses the dipole-dipole interaction due to the local field acting on the constituent ions taking into account the individual ionic shifts and crystalline deformations. Also a summary on the electronic polarizability of ions in the BaTiO 3 unit cell is given for completeness, as well as the basic approach to our quantum mechanical calculation. Section 3 then presents the results of the spontaneous local electric field, the electronic polarizability, the spontaneous polarization, and refractive indices calculated over the 90
• domain wall in tetragonal BaTiO 3 at room temperature. We clearly differentiate these results for two different widths of the 90
• domain wall. This section then also contains the discussion of the above-mentioned findings.
Description of the model
As mentioned above the model is based on the dipole-dipole interaction in correlation with the quantum mechanical orbital approximation where every ion is treated as consisting of a single electron and the effectively charged nucleus [36, 37] . The model therefore accounts for the possible anisotropy in the electronic polarizability and the crystalline deformations, as well as the ionic shifts both in the bulk and over the domain wall.
For uncharged ferroelectric domain walls the latter are of uttermost importance. We therefore write the strains parallel to the pseudo-cubic [100], [010] , and [001] directions of the homogeneous single crystal as 1 , 2 , and 3 . The position u(ñ i ) of ion i sitting in thẽ n(n x , n y , n z ) unit cell (indices (n x , n y , n z ) represent the coordinates of a unit cell in the whole lattice) may then be given as follows:
• If ion i is located in the (−) region
) built up by the three orthogonal base vectors x g (−) , y g (−) , and z g (−) (see figure 1).
• If ion i is located in the (+) region
) built up by the three orthogonal base vectors x g (+) , y g (+) , and z g (+) (see figure 1).
u(ñ i )
0 represents the position in the cubic phase of ion i in unit cellñ. u (−) (ñ i ) and u (+) (ñ i ) have to be transposed into the crystallophysic coordinate system (B p ) in which calculations are performed. B p is built up by the base vectors x p , y p , and z p as shown in figure 1 .
Ion i of unit cellñ is located at a distance µ(ñ i ) from the centre of the domain wall:
The distance r(ñ ,m i, j ) between ion i sitting in unit cellñ and ion j which is found in unit cellm(m x , m y , m z ) follows as
with s(ñ i ) and s(m j ) denoting the shifts of ion i of unit cellñ and ion j of unit cellm, respectively. The unit cell volume v then becomes
where a 0 denotes the lattice constant in the cubic phase.
As shown in a recent paper devoted to the 180 • domain wall in tetragonal BaTiO 3 [39] , the local field present along the k-direction acting on ion i of unit cellñ is the sum over two contributions.
• The first contribution is obtained by solving the following equation:
where S kl (ñ i, j ) and Q k (ñ i ) are two tensors calculable by using the crystallographic properties (lattice constants, ionic shifts) and the electronic polarizabilities of the constituent ions. Expressions for those tensors are given in [39] . The components of the electronic polarizability tensor of ion j in unit cellm are given by [36] 
Here α exp ( j ) represents the measured free electronic polarizability of ion j . These values are reported in table 1 for completeness, together with the coefficients θ k ( j ). Equation (7) expresses the electronic polarizabilities of the constituent ions of single-domain tetragonal BaTiO 3 as a function of their local electric fields [36] . Equation (7) also holds for domain walls as proven in [36] . In brief, to obtain this equation we used the quantum mechanical orbital approximation. This is manifested in treating the electrostatic energy of the coreshell system, introduced by the presence of the local electric field, as a small perturbation within the Schrödinger equation. The quantum mechanical problem is then solved by applying the variational method. As a result we obtain the wavefunctions of the coreshell system in the presence of the electric field, which then in turn are used to compute the components of the electronic polarizability tensor made up from all orbitals involved for one specific ion. Finally, the total electronic polarizability of an ion is obtained by summing over all orbitals.
• The second contribution to the local electric field represents the influence of the local field of ion i of unit cellñ in the k-direction due to the variation of the relative dipole moment between unit cellñ and unit cellm, and is given by [39] δ i, j ) the dipole moment along the k -direction, which can be expressed as
In equation (9), Z * k ( j ) denotes the effective ionic charge along the k direction of ion j . The total polarization P k (ñ) of theñ unit cell is written as
Finally, the connection between the optical dielectric constant ε opt kl (ñ) in unit cellñ and the local electric field induced along the l-direction of ion j in unit cellñ, in the unit of the l -component of the optical electric field, ∂ E loc l (ñ j )/∂ E opt l , is expressed in the following way:
also consists of two contributions: the first one is obtained by solving the equation
which is deduced from equation (6) . The second contribution is given as follows:
The refractive index for light polarized along the k-direction is finally given by
Results and discussion
The calculation of the spontaneous polarization and refractive indices over the 90
• domain wall in tetragonal BaTiO 3 is carried out for two different domain wall widths at room temperature. The data for the lattice parameters, spontaneous ionic shifts in a homogeneous ideal crystal, and the effective charges used in this calculation are taken from [39] . We assume here that the components of the effective charges of the constituent ions in the direction of the spontaneous polarization do not change when crossing the domain wall.
Geometrically, we consider the 90
• domain wall to coincide with the plane characterized in the bulk by the equation y = z as shown in figure 1 . The changes of the spontaneous ionic shifts near the domain wall are given by [42] 
In the last equation, (s 3 ( j )) 0 , which is the spontaneous ionic shift of ion j in the direction of the spontaneous polarization of a homogeneous ideal crystal, represents the modulus of the order parameter, and (ψ − is introduced in order to account for the difference between our working coordinate system B p and that in which the proof of the differential equation (16) governing the variation of ψ was performed by Strukov and Levanyuk in [42] . ψ is obtained by solving the following equation:
where µ(m j ), given by equation (3), is the distance of ion j of unit cellm from the centre of the domain wall, and r c represents the width of the domain wall (also known as the correlation radius of the order parameter). To solve the last equation which belongs to the second-order conservative system, we use a numerical algorithm based on Stoermer's rule as expanded in [43] , with the boundary conditions ζ(− • domain wall thickness stem from Zhang et al [26] .
The calculation of the spontaneous local field E spon (ñ j ), which corresponds to the value of the local electric field E loc (ñ j ) of ion j in unit cellñ in the absence of any external electric field (E ext = 0), shows that this spontaneous local electric field does not necessarily have to be aligned along the 3-direction of the crystallophysic coordinate system B p for the considered ion. The reason for this is directly related to the asymmetry of the specific distorted unit cell (and hence the ionic positions). This means that the approximation
3 (see [36] for more detail) is violated in B p . To remedy the situation, we construct for each ion its own coordinate system B q (ñ j ) for which the z q -axis is parallel to the spontaneous local electric field of this ion. This coordinate system is built up by the following three orthogonal base vectors:
The electronic polarizability is then calculated in this coordinate system, and afterwards transposed into the coordinate system B p in which the calculation of all other magnitudes is performed. In fact, the local field of ion j in unit cellñ is calculated in B p and then transposed to B q (ñ j ) in order to use it for calculating the tensorα(ñ j ) of this ion. Once this tensor is obtained, we transpose it back to B p where it will be used in the calculation for all other magnitudes.
Note that the angle ϕ(ñ j ), characterizing the z q (ñ j )-vector of B q (ñ j ) relative to the j ion in unit cellñ, can be evaluated as follows:
From the above relations, it seems that the angle ϕ(ñ j ) depends on the components of the local electric field which is mutually influenced by the components of the electronic polarizability. This last magnitude is calculated in the B q (ñ j ) coordinate system, which makes it depend on ϕ(ñ j ). This implicitly means that there exists a mutual dependence between the angle ϕ(ñ j ) and the components of the local electric field. Thus, a complicated doubly self-consistent calculation has to be performed.
The calculation shows that the values of the spontaneous local electric field acting on the constituent ions of tetragonal BaTiO 3 along the 1-direction are exactly zero. On the other hand, values of the two other components of the local electric field In single-domain tetragonal BaTiO 3 , the amplitude of the anisotropy of the electronic polarizability δα(ñ j ) of ion j in unit cellñ is defined as the difference between the component of the electronic polarizability in the direction of the polar axis and that in the direction perpendicular to it [36] . This definition does not hold for the 90
• domain wall because the direction of the polar axis changes when crossing the wall. However, all elements of the electronic polarizability tensor in the spontaneous state (E ext = 0) are evaluated by considering equation (7), table 1, and figure 3. The calculation shows that only diagonal elements α kk (ñ j ) are non-zero. In fact the non-diagonal elements α kl (ñ j )| k =l are exactly zero outside the domain wall while inside they exhibit a very small change to reach, in the best case, the value of 0.04 Å 3 (in absolute units) for α 23 • represents the experimental value of P spon according to Cudney et al [44] .
Next we present and discuss the results obtained for the spontaneous polarization in unit cellñ, P spon (ñ). P spon (ñ) is ascribed to the unit cell (and not to the individual ions) and is defined as the total dipole moment (in the unit cell) per volume. The components P k (ñ) are deduced from equation (10) in the absence of any external field. The calculations show that the values of the spontaneous polarization in tetragonal BaTiO 3 at room temperature along the 1-direction are exactly zero. On the other hand, the values of the two other components of the spontaneous polarization
(ñ)]} are non-zero and are reported in figure 5, together with P spon . We see that the norm of the spontaneous polarization, P spon , does not vanish when crossing the domain wall but undergoes an increase before then strongly decreasing towards the centre of the domain wall (at µ = 0). This holds for both widths r c of the domain wall considered here and also when approaching the domain wall from both sides. However, the component of the spontaneous polarization perpendicular to the domain wall, P spon ⊥ , which does not exhibit any change outside the domain wall, decreases slightly inside it by forming a negative peak centred in the centre of the domain wall, while the component parallel to the domain wall, P spon , which is anti-symmetric, undergoes an increase (in absolute units) before then decreasing towards the centre of the domain wall (at µ = 0), also when approaching from both sides. From the above results, we conclude that the spontaneous polarization experiences a rotation accompanied by a change in the norm inside the domain wall. Note that a recent experimental investigation of the 90
• domain wall in BaTiO 3 by electron holography claimed a pronounced deviation of the measured spontaneous polarization component parallel to the domain wall compared to the hyperbolic tangent function [45] . Figure 6 finally reports the calculated values for the refractive indices n 2 and n 3 ascribed to each unit cell across the domain wall. Note that the calculated results are displayed as discrete values, since the discussion of refractive indices makes physical sense on the unit cell bases only (and not on the ionic scale). Far away from and for any thickness of the domain wall, the crystal possesses only two refractive indices, the ordinary refractive index n o (which coincides with n 1 = n 2 in the (−) region and with n 1 = n 3 in the (+) region), and the extraordinary refractive index n e (which is n 3 in the (−) region and n 2 in the (+) region). The calculated values of these indices are n o = 2.3704 and n e = 2.2839, respectively, which are in good agreement with experimental data (n o = 2.398 and n e = 2.312) given by Johnston and Weingart [5] for single-domain tetragonal BaTiO 3 at room temperature. When approaching the domain wall, however, the three refractive indices become different from each other. Hence the crystal in this region may be characterized as being biaxial, having three different refractive indices. The refractive index n 1 shows a small change when passing through the domain wall, which appears in a single decrease towards µ = 0 for r c = 15 Å, and in a small decrease followed by an increase and a decrease again towards µ = 0 for r c = 25 Å. This fluctuating behaviour can be explained by the fact that unit cells in the centre of the domain wall undergo a very pronounced mechanical deformation which influences their properties (see figure 1) . However, the n 2 refractive index, which plays the role of the ordinary refractive index in the (−) region, decreases when crossing the domain wall in the forward direction, and then increases after passing through a minimum located in the (+) region. In this last region, n 2 plays the role of the extraordinary refractive index. On the other hand, the n 3 refractive index, which is the ordinary refractive index in the (+) region rather than the (−) region, decreases when crossing the domain wall in the backward direction and then increases after passing through a minimum located in the (−) region in which n 3 plays the role of the extraordinary refractive index. When crossing the domain wall, the behaviour of n 2 and n 3 , which is apparently independent of r c , may be regarded as a transition in which n 2 and n 3 permutate their role by passing from the ordinary to the extraordinary state and vice versa, respectively.
Our theoretical calculations show that the behaviour of all magnitudes studied here, whether the spontaneous local electric field, the electronic polarizability, the spontaneous polarization, or the refractive indices, is almost the same independent of the domain wall width. The component of the spontaneous polarization parallel to the domain wall, however, inverses its sign when passing from the (−) region to the (+) region, having a value of exactly zero at the centre of the domain wall while the perpendicular component always maintains its sign. On the other hand, the refractive indices n 2 and n 3 undergo important changes within the domain wall by passing from the ordinary to the extraordinary state and vice versa,respectively.
Conclusions
By using a microscopic model taking into account a quantum method based upon the orbital approximation and the dipole-dipole interaction due to the local field acting on the constituent ions, we calculated the electric and optical properties within 90
• ferroelectric domain walls of tetragonal BaTiO 3 at room temperature. The calculations show that the spontaneous polarization, spontaneous local electric field, electronic polarizability, and refractive indices hold the same behaviour when changing the domain wall width. However, the spontaneous polarization within the domain wall behaves quite similar to former theoretical work based on a three-dimensional Landau-Ginzburg model [46] and also to recent ab initio calculations for the 90
• domain wall in tetragonal PbTiO 3 [47] . Our model allows us to compute a variety of different microscopic properties both internal and external to the 90
• domain wall. Specifically, we find, in contrast to the 180
• domain wall, that the anisotropy of electronic polarizability of the oxygen ions as well as the spontaneous polarization holds inside the domain wall without vanishing. Furthermore, the BaTiO 3 90
• domain wall behaves like a biaxial crystal, resulting in dramatic changes of the refractive indices n 2 and n 3 . Therefore, the optical propagation properties across such domain walls are expected to experience strong changes affecting the optical transmission specifically for light polarized in the yz-plane. One major driving force to the above mentioned anisotropies might be the oxygen deficiency within the 90
• domain wall as recently discovered by aberration corrected TEM [48] . Such effects will be reconsidered in our future investigations.
